Lorentz transformations of spin density matrices for a particle with positive mass and spin 1 / 2 are described by maps of the kind used in open quantum dynamics. They show how the Lorentz transformations of the spin depend on the momentum. Since the spin and momentum generally are not independent, the maps generally are not completely positive and act in limited domains. States with two momentum values are considered, so the maps are for the spin qubit correlated with the qubit made from the two momentum values, and results from the open quantum dynamics of two coupled qubits can be applied. Inverses are used to show that every Lorentz transformation completely removes the spin polarization, and so completely removes the information, from a number of spin density matrices. The size of the spin polarization that is removed is calculated for particular cases.
I. INTRODUCTION
Quantum information is not independent of relativity. The spin of a particle with mass, for example an electron spin, is changed by Lorentz transformations. If the spin is used to handle a qubit of quantum information, that information will be changed by Lorentz transformations ͓1-9͔. This may not be important for the effort to realize the promise of quantum computing ͓10,11͔. Massive particles moving at relativistic speeds are not likely to be needed for quantum information processing devices. Nevertheless, questions of relativity may be interesting for those who look for deeper understanding of the nature of quantum information. Understanding can grow with experience as work ranging from theoretical foundations to practical applications involves various properties of quantum information. This work on relativistic properties is meant to be one contribution. Related developments are reviewed by Peres and Terno ͓12͔.
We consider Lorentz transformation of spin as an example of the kind of map used in open quantum dynamics. There the map describes evolution of density matrices for a subsystem caused by unitary Hamiltonian evolution in a larger system ͓13-20͔. Here we consider the map that describes the transformation of the spin density matrix caused by a unitary Lorentz transformation of the state of a particle with spin and momentum. The spin plays the role of a subsystem in the larger system described by spin and momentum. With this map we can move beyond the statement that there is no Lorentz transformation of spin that is independent of momentum ͓2͔ and say exactly how the Lorentz transformation of the spin depends on the momentum. We can say that several different ways by using different forms of the map ͓21͔.
We consider spin 1 / 2, consider states where the momentum is concentrated around two different values, and make a qubit with the two momentum values. Then we have two qubits, the spin and the one made from the momentum, and the map is like those we have described for the dynamics of two coupled qubits ͓22͔. The spin and momentum generally are not independent, so the map generally is not completely positive and acts on a limited domain ͓22-24͔. This domain is exactly the same as the one we described in detail for the first example of dynamics we considered ͓22͔. It tells us the bounds on the variables in our equations. In other respects, the map that describes Lorentz transformation of spin is very different from those we have considered for dynamics and provides a helpful illustration of the way these maps work ͓21͔.
Our results complement those that have been presented for a momentum distribution that is maximum at one value ͓2,8͔. We show that every Lorentz transformation completely removes the spin polarization, and so completely removes the information, from a number of spin density matrices. We calculate the size of the spin polarization that is removed in particular cases.
Except for questions of domains, generalization to any finite number of momentum values is easy. Results can be inferred.
II. LORENTZ TRANSFORMATIONS OF SPIN
We consider a particle with positive mass and spin 1 / 2. We use Pauli matrices ⌺ 1 , ⌺ 2 , ⌺ 3 to represent the spin as
͑2.1͒
where W͑⌳ , p͒ is a rotation, the Wigner rotation, which depends on ⌳ and p, and D͑W͒ for a rotation W is the 2 ϫ 2 unitary rotation matrix made from the ⌺ j so that
where W͑⌺͒ is simply the vector ⌺ rotated by W. A pure state for the particle is represented by a vector
The reduced density matrix for the spin for this state is
A Lorentz transformation ⌳ changes the state vector ͉⌿͘ to
͑2.6͒
and the spin density matrix to 
͑2.7͒
Here we used
The results expressed in terms of density matrices hold for mixed states of the particle as well as for pure states; linear combinations of the equations for different pure-state vectors ͉⌿͘ give the same equations for mixed states.
III. TWO MOMENTUM VALUES
We consider just two different momentum values p 1 and p 2 . Let
with 1 for p equal to ͑or concentrated around͒ p 1 and 2 for p equal to ͑or concentrated around͒ p 2 . The two parts 1 and 2 of are themselves not normalized density matrices. Let
with q between 0 and 1. Then
͑3.3͒
We assume the momentum is concentrated closely enough that we can use p 1 for p in the Wigner rotations for 1 and use p 2 for p in the Wigner rotations for 2 and accept the accuracy of that approximation. Then
where
and each W͑r͒ is simply the vector r rotated by W. Generalization of these equations to any finite number of momentum values is obvious. Let ⌶ 1 be a matrix made from the momentum operator that has eigenvalue 1 when p is ͑in the range of concentration around͒ p 1 and eigenvalue −1 when p is ͑in the range of concentration around͒ p 2 . Then ͑in the approximation we are making͒
The last term is
The component of ͗⌺⌶ 1 ͘ along the axis of W 1 −1 W 2 drops out, so ͗⌺͘ ⌳ depends only on the components of ͗⌺⌶ 1 ͘ perpendicular to the axis of
A spin state is described by the mean values ͗⌺͘, which are expressed in terms of r 1 and r 2 by Eq. ͑3.3͒. A Lorentz transformation produces a map of spin states described by ͗⌺͘ changing to ͗⌺͘ ⌳ , given by Eq. ͑3.5͒ or ͑3.8͒. From Eq. ͑3.8͒ we see that the map is described by W 1 , W 2 and the components of
perpendicular to the axis of W 1 −1 W 2 . Both the spin state and the map are described completely by r 1 , r 2 , W 1 , W 2 . The Lorentz transformation and the two momentum values p 1 , p 2 determine W 1 and W 2 . The state of the particle determines ͗⌺͘ and ͗⌺⌶ 1 ͘, or r 1 and r 2 .
We assume that ͗⌺͘ and ͗⌺⌶ 1 ͘ are mean values for a state of the particle. Our equations describe the Lorentz transformation of the spin only when ͗⌺͘ is compatible with the components of ͗⌺⌶ 1 ͘ perpendicular to the axis of W 1 −1 W 2 in describing a state of the particle. To see the restrictions that this implies, we treat the two momentum values as a qubit, so we have two qubits, the spin and the one made from the momentum. The linear map of matrices that describes the Lorentz transformation of density matrices for the spin is like the maps that we have used to describe the dynamics of two entangled qubits ͓22͔. These maps generally are not completely positive and act in limited domains. Here the map that describes the Lorentz transformation is made to be used for the set of ͗⌺͘ that are compatible with the components of ͗⌺⌶ 1 ͘ perpendicular to the axis of W 1 −1 W 2 . The map applied to a density matrix for a ͗⌺͘ that is outside the compatibility domain does not have the physical meaning of a Lorentz transformation of the spin described by the density matrix for a state of the particle with the distribution of two momentum values. It is just an extension of the mathematics beyond the domain of physical application. If the 3-axis is taken to be along the axis of W 1 −1 W 2 , the set of compatible ͗⌺͘ is exactly the same as the compatibility domain that we described completely and precisely for an example of the dynamics of two entangled qubits ͓22͔. It tells us the ͗⌺͘ and ͗⌺⌶ 1 ͘, or r 1 and r 2 , for which our equations apply.
Explicitly, these are the r 1 and r 2 for which
͑3.11͒
where r 1 and r 2 are the lengths of r 1 and r 2 and z 1 and z 2 are the components of r 1 and r 2 along the axis of W 1 −1 W 2 , which we call the 3-axis. We find this limit by looking at
projected onto planes of constant ͗⌺ 3 ͘. For each fixed ͗⌺ 3 ͘, the compatibility domain is the set of ͗⌺͘ in the elliptical area of the plane of fixed ͗⌺ 3 ͘ described ͑Eq. ͑2.77͒ in Ref.
͓22͔͒ by
where d 1 and d 2 are the distances from the point ͗⌺͘ to focii at the points in the plane described by the projections of ±͗⌺⌶ 1 ͘. From Eqs. ͑3.12͒ we see that d 1 and d 2 are the lengths of the projections of 2r 1 and 2r 2 , so the elliptical area is described by the inequality ͑3.11͒. We will stay within these bounds as we look at particular cases. We do not know what the similar restrictions would be for three or more momentum values.
For the case of two momentum values considered here, we have shown ͓21͔ that the linear map of matrices that describes the Lorentz transformation of density matrices for the spin is completely positive if and only if
͑3.14͒
Then ͗⌺⌶ 1 ͘ is not changed by W 1 −1 W 2 , which means ͗⌺⌶ 1 ͘ has no components perpendicular to the axis of W 1 −1 W 2 , so the compatibility domain is the set of all ͗⌺͘ for all spin states. Then also Eq. ͑3.8͒ reduces to
so ͗⌺͘ ⌳ is the same as it would be for a state of the particle represented by a density matrix that is a product of a density matrix for the spin and a density matrix for the momentum with equal probabilities for the two momentum values.
IV. INVERSES
Consider a state of the particle with two momentum values p 1 and p 2 and spin density matrix described by Eqs. ͑3.1͒ and ͑3.2͒. From this state, the Lorentz transformation ⌳ produces a state with two momentum values ⌳p 1 and ⌳p 2 and spin density matrix
͑4.2͒
We see that if r 1 and r 2 are for a state of the particle, then so are W 1 ͑r 1 ͒ and W 2 ͑r 2 ͒; they are for the Lorentz-transformed state, which the inverse Lorentz transformation takes to the state with r 1 and r 2 . If the map from r 1 and r 2 to W 1 ͑r 1 ͒ and W 2 ͑r 2 ͒ describes a Lorentz transformation of the spin for a state of the particle, then so does the map from W 1 ͑r 1 ͒ and W 2 ͑r 2 ͒ to r 1 and r 2 . We need to consider questions of domains only once, for r 1 and r 2 , not again for W 1 ͑r 1 ͒ and W 2 ͑r 2 ͒. Explicitly, the same inequality ͑3.11͒ that describes the compatibility domain for the map where W 1 and W 2 act on r 1 and r 2 also describes the compatibility domain for the inverse map where W 1 −1 and W 2 −1 act on W 1 ͑r 1 ͒ and W 2 ͑r 2 ͒. To see this, let ẑ be the unit vector along the axis of W 1 −1 W 2 , so that
͑4.3͒
Let ẑЈ = W 1 ͑ẑ͒. Then
and
so ẑЈ is a unit vector along the axis of W 1 W 2 −1 . In the inequality ͑3.11͒ the r 1 and r 2 are the lengths of W 1 ͑r 1 ͒ and W 2 ͑r 2 ͒ as well as the lengths of r 1 and r 2 , and
͑4.6͒
Suppose ͗⌺͘ = 0. From our description of the compatibility domain in the context of dynamics ͓22͔, we know that zero ͗⌺͘ is compatible with any ͗⌺⌶ 1 ͘ that is for a state of the particle. This requires only that ͉͗⌺⌶ 1 ͉͘ be not larger than 1. There is a state of the particle for any r 1 and r 2 such that r 1 + r 2 = 0, ͉r 1 − r 2 ͉ ഛ 1.
͑4.7͒
From ͗⌺͘ = 0, a Lorentz transformation can produce any
for r 1 ഛ 1 / 2, and the inverse Lorentz transformation can change this ͗⌺͘ ⌳ to zero. Since every Lorentz transformation is the inverse ⌳ −1 of a Lorentz transformation ⌳, we see that every Lorentz transformation completely removes the spin polarization ͗⌺͘ ⌳ , and so completely removes the information, from a number of spin density matrices. We will see how big this ͗⌺͘ ⌳ can be in particular cases in Sec. VI.
V. WIGNER ROTATIONS
To work out examples we need to calculate Wigner rotations. Halpern ͓26͔ has calculated D(W͑⌳ , p͒) for any ⌳ and p. If
and ⌳ is the Lorentz transformation for velocity v = tanh ␣ in the direction of ê, then
͑5.3͒
This tells us both D(W͑⌳ , p͒) and W͑⌳ , p͒. The axis of the Wigner rotation W͑⌳ , p͒ is n and the angle of W͑⌳ , p͒ is .
VI. EXAMPLES
To see large effects with simple examples, we let p 1 and p 2 be along the same line, which we call the 1-axis, perpendicular to the direction of the Lorentz transformation, which we call the 2-axis. Then both Wigner rotations W 1 and W 2 are around the 3-axis in our system of three orthogonal axes, and the angles of the Wigner rotations are as big as they can be for given momentum magnitudes and Lorentztransformation velocity. We let r 1 and r 2 be in the 1, 2 plane so they are fully exposed to the Wigner rotations.
In these cases, the linear map of matrices that describes the Lorentz transformation of density matrices for the spin is completely positive if and only if either p 1 = p 2 or r 1 = r 2 , because if p 1 and p 2 are different, then W 1 and W 2 are different and Eq. ͑3.14͒ can be satisfied only if ͗⌺⌶ 1 ͘, which is r 1 − r 2 , is zero. This is maximum when + 2 − 1 is zero. If the linear map of matrices that describes the Lorentz transformation of density matrices for the spin is completely positive, then r 1 = r 2 and is zero. Then the Lorentz transformation can only decrease ͉͗⌺͉͘ as it makes 2 and 1 nonzero. This decreasing ͉͗⌺͘ ⌳ ͉ is shown in Fig. 1 as a function of the velocity v of the Lorentz transformation for the case where r 1 and r 2 are 1 / 2 and is zero, ͉p 1 ͉ / m is 10 and p 2 is −p 1 . When is not zero, ͉͗⌺͉͘ can be increased as well as decreased by the Lorentz transformation. This is shown in Fig. 2 where everything is the same as in Fig. 1 except that is − /2. To see the size of the ͉͗⌺͉͘ that a Lorentz transformation can completely remove, or produce starting from zero, we reproduce Eq. ͑4.8͒ by letting r 2 be −r 1 , which means letting r 2 and be r 1 and in Eq. ͑6.1͒. The ͉͗⌺͘ ⌳ ͉ described by Eq. ͑4.8͒ is shown in Fig. 3 as a function of the velocity v of the Lorentz transformation for different values of p 1 · p 2 / ͉p 1 ͉ 2 , with p 1 and p 2 still along the same line, for the case where r 1 is 1 / 2 and ͉p 1 ͉ / m is 10 as before.
VII. DISCUSSION
We find it liberating to understand that maps do not need to be completely positive in the dynamics of open quantum systems ͓22,27͔. We find that an affine form is an effective way to describe the properties of these maps ͓21,28͔. These maps can be used to good advantage whenever changes are to be described for some degrees of freedom but not for others.
Here we describe changes of the density matrix for the spin made by Lorentz transformations of the state of a particle with spin and momentum. For states with two momentum values, the mathematics is the same as for the dynamics of two entangled qubits. The Lorentz transformations of the spin can be expressed very simply in terms of Wigner rotations. This provides a remarkably simple example of open quantum dynamics ͓21͔.
This example clearly demonstrates that the map is not required to be either completely positive or not completely positive by the presence or absence of correlations or entanglement. Being completely positive is a property of the map. Correlations and entanglement are properties of the states. From the condition ͑3.14͒, we see that a map that is completely positive and a map that is not completely positive can each apply to a set of states that includes states with and without correlations and states with and without entanglement. For a state of the particle with no correlation between spin and momentum, represented by a density matrix that is a product of a density matrix for the spin and a density matrix for the momentum, there is a completely positive map that gives the same result for that state, but as a map that applies to a set of states it is different from the map that we consider ͓21,22͔.
We see that two momentum values are enough to show that Lorentz transformations can significantly change the information in a density matrix for the spin. We can see that every Lorentz transformation completely removes the spin polarization, and so completely removes the information, from a number of density matrices. 
